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Abstract

Finsler geometry is an alternative approach to geometrization of fields and its fundamental idea can be traced of Riemann geometry
so that Finsler geometry is a nearest generalization of Riemannian metric geometry. Finsler geometry was first applied in gravitational
theory and this application lead to corrections to observational results predicted by general relativity. It's well known that there are
various approaches to Finsler formulation of the general relativity and gauge field theories in the spacetime. Euler-Lagrange and Hamilton
equations often used for modeling of mechanical systems. In this study, we will present Euler-Lagrange and Hamilton equations often
used for modeling of mechanical systems of motion on Finsler manifolds such that they represent the dynamic state of the mechanical
system. Also, implicit solutions of the differential equations found in this study are solved by Maple computation program.
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Introduction

A classical field theory explains the study of how one or more physical fields interact with matter which is used quantum and
classical mechanics of physics branches. Also, a unified theory and it’s the metric has been thought as the gravitational potential,
as in general relativity, and the corresponding forms are thought as the electromagnetic potentials. Weyl’s unified theory and it’s
the metric has been thought as the gravitational potential, as in general relativity, and the corresponding forms are thought as
the electromagnetic potentials. Euler-(Lagrangian) and Hamiltonian models arise to be a very important tool and they present a
simple method to describe the model for orbits of moving objects in the electromagnetic field.

There are many applications of differential geometry or mathematical physics. These applications are used in many areas of
disciplines. There are many studies about Lagrangian and Hamiltonian dynamics, mechanics, formalisms, systems, equations and
Finsler geometry [1]. Tekkoyun and Celik presented a new analogue of Euler-Lagrange and Hamilton equations on an almost
Kiéhler model of a Finsler manifold [2]. Tekkoyun and Yayli presented generalized-quaternionic Kéhler analogue of Lagrangian
and Hamiltonian mechanical systems [3]. Wu established a relative volume comparison theorem for minimal volume form of
Finsler manifolds under integral Ricci curvature bound [4]. Vries shown that the Hamiltonian and Lagrangian motion equations
have a very simple interpretation in relativistic quantum mechanics [5]. Udriste and Neagu presented the basic properties of the
scalar product along a curve and they investigated the variational formulae for the p-energy functional on a Finsler manifold [6].
Bercu showed the gradient method on Finsler manifold as to how to use the direction y for obtaining a suitable descent algorithm
[7]. Szilasi and Téth deduced consequences on vector field on the underlying manifold of a Finsler structure having one or two of
the mentioned geometric properties [8]. Tayebi and Peyghan constructed a new class of Finsler metrics which is an extension of
the class of Berwald metrics [9]. Bejancu constructed the transversal vector bundle of a coisotropic submanifolds of pseudo-Finsler
manifold and obtained all structure equations of the degenerate immersion [10]. Lovas and Szilasi propose a new and complete
proof of the theorem, discovered by Detlef Laugwitz: complete and connected finite dimensional Finsler manifolds admitting
a proper homothety are Minkowski vector spaces [11]. Abate and Patrizio showed that a complex Finsler metric of constant
holomorphic sectional curvature-4 satisfying the given symmetry condition on the curvature is necessarily the Kobayashi metric
[12]. Almost contact Finsler structures on vector bundle are defined by Yaliniz and Caliskan and the condition of normality in
terms of the Nijenhuis torsion N{¢} of almost contact Finsler structure is obtained [13]. Vacaru considered some classes of exact
solutions instring and Einstein gravity modelling Lagrange-Finsler structures with solitonic pp--waves and speculate on their
physical meaning [14]. Kasap demonstrated Weyl-Euler-Lagrange and Weyl-Hamilton equations on R{n}* which is a model of
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tangent manifolds of constant w-sectional curvature [15]. Kasap submitted Weyl-Euler-Lagrange equations of motion on flat
manifold [16]. Miron and Anastasiei and their other colleagues there are summarized a number of results on almost Kéhler-
Lagrange-Finsler/Hamilton-Cartan geometries and generalizations with applications in mechanics [17].

Preliminaries

Definition 1: Let (M,F) be a connected n-dimensional Finsler manifold whose fundamental function verifies F:TM —R the
following axioms:

(F1) F(x,y)>0; vxeM, wy=O0.

(F2) F(x,\y)=|A\|F(x,y); YAeR, V(x,y)eTM.

(F3) the fundamental tensor gij(x,y)z(ll 2)((9°F?)/(dy'ay)) is positive definite; ¥xeM,
(Fl) F(x,y) >0;VxeM ,Vy #0.

(FZ) F(x,ly) :‘/‘L‘F(x,y);VleR,V(x,y)sTM.
(F3) the fundamental tensor g (x,y) = (1 / 2)((62F2)/(6y’6y1 )) is positive definite;¥xeM ,

(E{L) Fis Cat every point (x,y)eTM with y#0 and continuous at every (x,0)¢eTM. Then, the absolute Finsler energy is F 2(x,y):gij(x,y)
vy

Definition 2: Lee: [e6]>M bea ¢ regular curve on M. For any two vector fields x(1)=x'(r)(o/(a¢))l..,. ¥(e)=Y'(1)(0/(a¥))Ic()! along the curve ¢
and the scalar product s(xne=sc0.coorr along the curve c.

Definition 3: Let M be a differentiable manifold of dimension (2n+1) and suppose ] is a differentiable vector bundle isomorphism
J:TM->TM such that :TM->TM is an almost complex structure for TM.

Definition 4: An almost complex structure ] on M assigns to each pEM a linear map J;TM>TM that is smooth in p and satisfies
]p2=—Id for all p. The pair (M,]) is called an almost complex manifold. Any complex manifold M is also an almost complex manifold.
In three dimensions, the vector from the origin to the point with Cartesian coordinates (x,y,z) can be written as [18].

r=xi+yj+zk=x(0/(ox))+y(/(ay))+z(a/(ez)). (1)

Lemma 1: Let M be a smooth manifold. If M admits a complex structure A, then M admits an almost complex structure J. Let
dim_M=m and (Z,U) be any holomorphic chart inducing a coordinate frame 9x;,9y1,...,0xm,dym. Then ] is given locally as

Jp(@x,p) =y, | pl,
Jp(dy, | p)=—0x,| pl, (2)

Where 1<i<m and p€U [19]

Suppose M is a smooth manifold. Recall that a smooth curve in M is a smooth map 7:7—»M, where I is an interval in R. For any
a€l, the tangent vector of y at the point y(a) is

@) =((dy)/(ar))(a)=d,, ((d/(dr))) (3)

where d/dt is the standard coordinate tangent vector of R. Let X is a smooth vector field on M. We say that a smooth curve y: [-M
is an integral curve of X if for any t€I,

7(’):)(,(1)' (4)

Geodesics in Finsler Spaces

A Finsler manifold is a differentiable manifold together with the structure of an intrinsic quasisimetric space in which the length
of any rectifiable curve y:[a,b]>M is given by the length functional

b
Liy1= [FG@), p@)ar (5)

Where F(X,X) is a Minkowski norm on each tangent space T M. Finsler manifolds non-trivially generalize Riemannian manifolds
in the sense that they are not necessarily infinitesimally Euclidean.
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This means that the norm on each tangent space is not necessarily induced by an inner product (metric tensor). Due to the
homogeneity of F the length (5) of a differentiable curve y:[a,b]>M in M is invariant under positively oriented reparametrizations.
A constant speed curve y is a geodesic of a Finsler manifold if its short enough segments y |, , ' are length-minimizing in M from
y(c) to y(d). Equivalently, y is a geodesic if it is stationary for the energy functional

E[7)= (U 2 [F*(r(0). 7o) (6)

in the sense that its functional derivative vanishes among differentiable curves y:[a,b]>M with fixed endpoints y(a)=x and y(b)=y.
A Finsler manifold is a differentiable manifold M together with a Finsler function F defined on the tangent bundle of M so that for
all tangent vectors v. For each tangent vector v, the Hessian of F* at v is positive definite. Here the Hessian of F* at v is the symmetric
bilinear form

g, (X.Y)=(1/2)((02)/(s0r)) [ F (v+sX +1Y)*]|,_ . )

Also known as the fundamental tensor of F at v. Strong convexity of F* implies the subadditivity with a strict inequality if
u/F(u)=v/F(v). If F? is strongly convex, then F is a Murkowski norm on each tangent space.

Gauge Theory and Conformal Weyl Geometry

Hermann Weyl (1885-1955) made many fundamental and important contributions to physics. He is most famous for his 1929
discovery of quantum-mechanical phase invariance. Phase invariance known more properly as gauge invariance that it is symmetry
and underlies all modern quantum theories. Throughout this section, M donates a smooth manifold of dimension n.

A conformal manifold is a differentiable manifold equipped with an equivalence class of (pseudo) Riemann metric tensors, in
which two metrics g, and g; are equivalent if and only if

g, =¥g (8)

Where ¥>0 is a smooth positive function. An equivalence class of such metrics is known as a conformal metric or conformal
class and a manifold with a conformal structure (8) is called a conformal manifold [20]. A change in given by the global gauge
transformation

‘I‘(x)—)e”“l’(x) 9)

Where A is an arbitrary constant, would have absolutely no effect on the Lagrangian.
Action Lagrangians are invariant with respect to the replacement

¥(x) > " ¥ (x) (10)
Can be made without changing anything essential. Where ¥ is a wave function and A is an arbitrary function of space and time.

(10) Is called a local gauge transformation

Weyl’s gauge theory sprang from an even earlier (1918) theory in which Weyl demanded that Einstein’s theory of general relativity
should be invariant with respect to the similar replacement

g (¥) > Vg, (x) (11)

Which we shall call a metric gauge transformation (11) and it has emerged effect of these transformations on Riemannian and
non-Riemannian geometry. Also, it is remarkable that the Weyl tensor can be deduced by simply demanding that it be invariant
with respect to this transformation. Weyl, using this gauge principle, was able to derive all of electrodynamics from a generalized
Einstein-Maxwell Lagrangian. Weyl noticed that the magnitude of an arbitrary vector & would undergo a rescaling under a gauge
transformation given by

€7 = g..6"¢",
€1 =g "¢

=e"V|E)7, (12)
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and he wondered if such a regauging would alter any essential physics. Today, the gauge principle is arguably the most powerful
concept in all of modern physics. This gauge principle underlies all of the Yang-Mills theories and is a key component in string
theory and its more recent variant, M theory [21].

Definition 5: Two Riemann metrics g; and g, on M are said to be conformally equivalent if there exists a smooth function :M->R
with

g, =¢g, (13)

In this case, gi~g,. A pair (M,G), a conformal structure on M is an equivalence class G of Riemann metrics on M, is called a
conformal structure.

Theorem 1: Let V be a connection on M and gEG a fixed metric. V is compatible with (M,G) < there exists a 1-form w with
Vig+o(X)g=0 [22,23].

Definition 6: A compatible torsion-free connection is called a Weyl connection. The triple (M, G,V ) is a Weyl structure. A Weyl
manifold is a conformal manifold equipped with a torsion free connection preserving the conformal structure, called a Weyl
connection.

Theorem 2: To each metric ge G and 1-form w, there corresponds a unique Weyl connection V satisfying V Xg+w(X)g=0. Here,
V is given by the equation [22].

gV, Y. 2)=(112)1X (8(¥.2))+ o(X)g (1. 2) =g ([X.2].¥)+Y (g (X.2)) +oo(Y) g (2. X) =g ([¥.X].2) - Z (2 (X.Y))-0(2) g (X.Y)~([2.¥]. X)} (14)

(Proof see [22]).

Definitions 7: Define a function F:{ 1-forms on M }xG->{ Weyl connections } by F(g,w)=V, where V is the connection guaranteed
by Theorem 2. We say that V corresponds to (g,w).

Proposition 1: F is subjective.
F(g.0)=F(e'g.n) iff n=w-df.So
Proof: F is surjective by Theorem 3. In fact, Theorem 3 shows that given a compatible, torsion-free connection V, then for every
gEGQG, there exists a 1-form w with F(g,w)=V.
Proposition 2:
Fle'g)=F(g)-df, (15)
Where G is a conformal structure. Note that a Riemann metric g and a one-form w determine a Weyl structure, namely F: G>A'M

where G is the equivalence class of g and F(¢’g)=o-dr.

Proof: Suppose F(s.0)=F(c's,n)=v. We have
Ozvx(e/g)+77(X)efg:X(e/)g-%—efvxg-%—n(X) g =df(X)e'g+e'V,g+n(X)e'g. (16)

Thereforev.g=-(d/(x)+n(x)). On the other hand, V.¢+e(X)¢=0 and @=n+df. Conversely, suppose 7=wo-df. Set V=F(g.»). To show v=r(c'sn).
it suffices, by the uniqueness of Theorem 2, to show

Vx(efg)+77(X)efg=0. (17)
Let’s show the truth of this statement. V, (e/kg):e’df(X)g-#e’VXg and n(X)=o(X)-df (X). VX(e/g)-H](X)e/g:e/df(X)g+e/VXg+((o(X)—df(X))e/g
:e’bdf(X)g+e/VXg+a)(X)e/g—df(X)e’bg
=e/(V,g+a(X)g)=0. (18)

Such a geometric structure was introduced by Weyl (in 1922) in an attempt to unify gravity with electromagnetism [24]. Let (M,g) is
conformally flat if for each point x in M, there exists a neighborhood U of x and a smooth function f defined on U such that (U, e*g)
is flat. The function f need not be defined on all of M [25].

Theorem 3: Let V be a torsion free connection on the tangent bundle of M and m>6. If (M, g,V J) is a Kahler-Weyl structure, then
the associated Weyl structure is trivial, i.e. there is a conformally equivalent metric

g = ezfg’ (19)
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So that (M,g;,]) is Kdhler and so that v =y g; [ proof see 26].
Weyl transformation is a local rescaling of the metric tensor:

—2w(x)

b (x)—)e 8 (x), (20)

which produces another metric in the same conformal class. A theory or an expression invariant under this transformation is
called conformally invariant, or is said to possess Weyl symmetry. The Weyl symmetry is an important symmetry in conformal
field theory [27]. Weyl curvature tensor is a measure of the curvature of spacetime or a pseudo-Riemannian manifold. Like the
Riemannian curvature tensor, the Weyl tensor expresses the tidal force that a object feels when moving along a geodesic.

Finsler Geometry
In this section, we recall some structures given in [28, 29].

Definitions 8: A Finsler manifold (space) is a pair 7" =(M,F(x,y)) where M is a real n-dimensional differential manifold and F: TM->R
a scalar function which satisfy the following axioms:

i) F is a differentiable function on the manifold ™™ -1™m\{0}and F is continuous on the null section of the projection m:TM->M.

ii) F is positive function.

iii) F is positively 1-homogeneous on the fibers of tangent bundle TM.

iv) The Hessian of F? with elements.

g (x2)=(1/ 2)((82F2) /(oy'oy’ )) (21)

is positively defined on fy1. Where gij is a covariant symmetric of 2 order distinguished tensor field (d-tensor field) defined on the
manifold T™ The function F(x,y) is called fundamental function and the d-tensor field gij is called fundamental (or metric) tensor
of the Finsler space F" =(M,F(x,y)).

A Finsler space F?=(M,F) can be thought as an almost Kéhler space on the manifold ™ =1m\{0}, called the geometrical model of the
Finsler space F». If we consider the Cartan nonlinear connection N, of the Finsler space F” =(M.F), then we can respectively define
almost complex structures F and F* on TM and T * M by:

(1) F*(dx"):fﬁy",
F*(é'yi):dx[.

) F(8/(ox))=-0/(),
F(a/(ayf))=5/(5xf). (22)

It is easy to see that F is well defined on TM, F?=-1 and it is determined only by the fundamental function F of the Finsler space
F». Also,

5/(5x) =51 (8x )= N'(x, )8/ (5 ) € TM,
(0/(ax'))" =6 /(6x"),
Sy =dx' + N'(x, y)dy' e T*M
(') =6y,

(23)

Let (dx',8y") be the dual basis of the adapted basis 5/(sx'), 9/(ay’). Then, the Sasaki-Matsumoto lift of the fundamental tensor g
can be introduced as follows:

G =g dx' ®dx’ +g,6y' ®65yj.
’ (24)
Consequently, G is a Riemann metric on determined only by the fundamental function F of the Finsler space F» and the horizontal

and vertical distributions are orthogonal with respect to it.

i) The pair (G,F) is an almost Hermitian structure on #* =(;G,F)H* =(;G,F).
ii) The almost symplectic 2-form associated to the almost Hermitian structure (G,F) is
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0=g, (x,9)6y ®dx’. (25)

iii) The space H™ =(IM;G,F)is an almost Kahler space, constructed only by means of the fundamental function F of the Finsler
space Fn.

The space H>»=TM (;G,F) is called the almost Kihler model of the Finsler space F=.

Remarking that the following tensor field on T™,
G= gij.x,y)dxi ® dx’ +((a2)/(” yl 2))&; (x,y)ﬁy[ ®d5y/, ‘v’(x,y) eTM. (26)

(26) Is the homogeneous lift to TM of the fundamental tensor field g, of a Finsler space F", where a>0 is a constant, imposed by
applications (in order to preserve the physical dimensions of the components of G and where ||y|| is the square of the norm of the
Liouville vector field:

Iyl2= g, (x.0) ¥y’ =o' = F*(x,p), (27)

and for y, =g, (x,»)y’ :(1/2)((5172)/(63”))‘

Let us prove that the almost complex structure F, defined by (22) does not preserve the property of homogeneity of the vector fields.
Indeed, it applies the 1-homogeneous vector fields (5/(dx')).(i=1n) onto the homogenous vector fields a/(ay'), (i=1....n). We can
eliminate this inconvenient by defining a new kind of almost complex structure F: x(7M)— x(T™),

setting:

F(51(69) (1) a)er (o)
F(o ) -(ar )0
F(ax')==((I v 1)/ a)sy

' (6y')=(a/(Iy]))ax'" (28)

Proposition 3: If we extend the equation (28) by means of conformal structure [23], (19, 20), we can give equations as follows:

B (67(sx))==((1y1)/a)e™ (a7(av")),
£, (ar(av'))=(a/ (I l))e* (57/(5%)). (29)

Such that are base structures. Where F, is a conformal complex structure to be similar to an integrable almost complex structure
Fgiven in (28). Similarly, F"w is the dual of F_structure and are defined the following as:

F (dxi) = —((” y H)/a)e’“&y',

Fi,(éyi):(a/(llyH))e“dx", (30)
such that is base conformal complex structure.

Lagrange Dynamics Equations
These dynamic equations are illustrated as follows [33-35].

Lemma 2: The closed 2-form on a vector field and 1-form reduction function on the phase space defined of a mechanical system
is equal to the differential of the energy function 1-form of the Lagrangian mechanical systems [30].

Definitions 9: Let M be an n-dimensional manifold and TM its tangent bundle with canonical projection 1, :TM->M. TM is
called the phase space of velocities of the base manifold M. Let L:TM-R be a differentiable function on TM called the Lagrangian
function. Here, L=K-P such that K is the kinetic energy and P is the potential energy of a mechanical system. In the problem of a
mass on the end of a spring, 7=mx?/2 and v = k/2, so we have L=mx>/2-kx*/2 . We consider the closed 2-form and base space (])
on TM given by ®, =-dd,L=-d(J(d)). Consider the equation

i;®, =dE,. (31)
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Where iis reduction function and i.®, = ®, (£) is defined in the form. Then £ is a vector field, we shall see that (31) under a certain
condition on § is the intrinsically expression of the Euler-Lagrange equations of motion. This equation (31) is named as Lagrange
dynamical equation. We shall see that for motion in a potential, EL=VL-L is an energy function and ¥ =J¢ a Liouville vector
field. Here dE, denotes the differential of E. The triple (7M.2..¢) is known as Lagrangian system on the tangent bundle TM. If it
is continued the operations on (31) for any coordinate system then infinite dimension Lagrange’s equation is obtained the form
below. The equations of motion in Lagrangian mechanics are the Lagrange equations of the second kind, also known as the Euler-
Lagrange equations;

(0/(ar))((orL)/ (%)) =(aL)/(éx). (32)

Newton’s second law of motion for the mechanical problem is F=ma. Where, the vector sum of the external forces F on an object
is equal to the mass m of that object multiplied by the acceleration vector a of the object.

Proposition 4: We have (oL)/@0)=mx and (3L)/(2x)=~kx, s0 eq. (32) give mx=-krsThe Euler-Lagrange equation, eq. (32), gives mx=-(ar)/(a).
In a two-dimensional setup written in terms of Cartesian coordinates, the potential takes the form V(x,y), so the Lagrangian is
L=(1/2)m(x*+3)-V(xy). So, the three Euler-Lagrange equations may be combined into the vector statement mx=-vy.

Hamilton Dynamics Equations

Lagrangian formulation is an important springboard from which to develop another useful formulation of classical mechanics
known as the Hamiltonian formulation. The Hamiltonian of a system is defined to be the sum of the kinetic (K) and potential
energies (P) expressed as a function of positions and their conjugate momenta.

Definitions 10: Let M is the configuration manifold and its cotangent manifold T'M. By a symplectic form we mean a 2-form @
on 7 such that:

(i) D is closed, that is do =0;

(ii) For each zeT'M, ®: T'"MxT'M — R is weakly nondegenerate.

If @_in (ii) is nondegenerate, we speak of a strong symplectic form. If (ii) is dropped we refer to @ as a presymplectic form. Let
(T"M, ®) be a symplectic manifold. A vector field x,: 'v »7'u is called Hamiltonian if there is a C' function #: 7'M - Rsuch that
dynamical equation is determined by

iX,®=dH. (33)

We can say that XH is locally Hamiltonian vector field if ix,® is closed and where ® shows the canonical symplectic form so
that ®=-d. @=7"(»), " a dual of ], w a 1-form on T'M. The trio ("'M.®.x,) is named Hamiltonian system which it is defined on the
cotangent bundle r"m[1]. The vector field X on 7' given by iw=a4 is called the geodesic flow of the metric g. If :(a.b)—>7 M is an
integral curve of the geodesic flow, then the curve »(») in M is called a geodesic. Recall from elementary physics that momentum
of a particle, p, is defined in terms of its velocity 44y p. =m4.. In fact, the more general definition of conjugate momentum, valid for
any set of coordinates, is given in terms of the Lagrangian: » =(22)/@). Note that these two definitions are equivalent for Cartesian
variables. In terms of Cartesian momenta, the kinetic energy is given by x=X.r/2n- Then, the Hamiltonian, which is defined to be
the sum, H=K+P, expressed as a function of positions and momenta, will be given by

H(p,q)= z; pll2m, + P(q,,....qn) (34)

Where p=ps,....p,. The function H is equal to the total energy of the system. In terms of the Hamiltonian, the equations of motion
of a system are given by Hamilton’s equations:

q,=(0H)/(op,),
b, =—(0H)/(2q,) (35)

[31]. The solution of Hamilton’s equations of motion will yield a trajectory in terms of positions and momenta as functions of time.
Hamilton’s equations can be easily shown to be equivalent to Newton’s equations, and, like the Lagrangian formulation, Hamilton’s
equations can be used to determine the equations of motion of a system in any set of coordinates.

Lagrangian Dynamics

Using Lemma 2, we obtain conformal Euler-Lagrange equations for quantum and classical mechanics on the almost Kéhler model
H" =(TM;G,F,) of the Finsler space Fn.

Proposition 5: Let Fw be a complex structure on the almost Kihler model #* of the Finsler space F".and {xi’yi} be its coordinate
functions. Let semispray be the vector field & determined by
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£-x o1(60)) ¥ (o) o
Where x'=) =%, v =j = % and the dot indicates the derivative with respect to time t. The vector field defined by
V=F,(£)=-x((Iyl)/a)e> (a/(ayf))w'(a/(n y u))eu(w((sxf)) (37)

is named Liouville vector field on the almost Kéhler model #2¢of the Finsler space F». The maps given by K, #:# - ks ta k =(/2)m(+52), p=meh
are said to be the kinetic energy and the potential energy of the system, respectively. Here 72 and h stand for mass of a mechanical
system having m particles, the gravity acceleration and distance to the origin of a mechanical system on the almost Kahler model
H2€ of the Finsler space F», respectively. Then L:M-R is a map that satisfies the conditions; i) L=K-P is a Lagrangian function, ii)
the function determined by £ =/, ()-L. is energy function. The function iF, induced by F, and denoted by

Fo(X Xps X,) 3, @Ky F, X X,), (38)

is called vertical derivation, where @<~ M. X, « (M). The vertical differentiation dF is given by dF, =[i¥,.d1=iF,d - dif,, where d is the usual
exterior derivation. For E, , the closed Kéihler form is the closed 2-form given by ® =- 4dF,L such that

b, ==((Iy1)/a)e (0/(ay'))a' +(a/ (Il yl))e* (8/(5x)) 6y, F(TN)— AT (39)
Then we have
®, = -ddF, L
(1)) (@2 (@) (3w (1)) (2 v e
+ar(Iy )2 (02)1(a¢))((2)/ (05 )b’ nde +(al (I 1)) (aL6L) /(02X )y’ nad
({11 /a2 ((@2)/ (@) (20 () (11 a)e™ (@22) (2 n o
+(a/(1y1))26% (22)/ (@ ))(5L)/ (0 )b’ nay' a1y ) ((@LOL) (256 ) )’ n) (40)
Let & be the second order differential equation (semispray) given by (36). Then we calculate
i,®, =, (&)
=[((1y 1)/ a)ae™ ((@2)/(ax)) (@) () x'ax' ~((1p 1) /)2 ((22)/ (@ ))((aL )/ (@) X e
~((ryyra)e ((e2L)/(axey')) x'ax' +((I v )/ a)e™ (L) (ox'dy')) X a
{ar(11)26* (@) (36)) (521 (3 )) X' —{a (1) (a2 (oo )
({1126 (@2) (o (@) () Xt ~((131) e (@1 v )
+(ar(Ipl))2e ((02)/(ax))((62)(8x))Y'ax' +(a/ (I 1)) 2¢™ ((dSEL) / (x'5x')) Ve
(1) a)2e ((@2) o (@n (@ v (1 1) e (@) (v ra
(a2 (@21 (@) (6 (56)) (a1 )2 (@311 (3 (61 (5
+(as(Iy1))e ((dsL)/(ay‘ax"))Y‘dy‘ —(a/(Iy1))e ((aéL)/(ay"ax‘))Y"dy‘]. (41)
Energy function and its differential are
E, ==X ((Iyl)/a)e™ ((@L)/ (o)) +¥*(a/ (I 91))e ((5L)/(8x")) - L. (42)
and
dE, = X'((Iy1)/a)2e™ ((2)/ (ox'))((eL) /(@) ax' = x* (I 1)1 @) e™ (L) (ax'ay') ) e

+¥!(a/ (Iy1))2e™ ((02)/(ax'))((8L)/ (63" ))ax' + ¥ (a/ (I p1))e™ ((SLL) /(8x'0x'))ax' ~((5L)/ (5%'))
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(11 )2 (02 () () 0 )~ (11 ) (2o v
#¥(ar (1) 2e ((02)/(@))((o1)/ (6 )’ +¥" (a/ (v ) e ((S20L) (00 ) v’ ~((@L) (o)) b (43)
Using i.®, =dE, , we find the expressions as follows:
({11 )26 ((@2)/ (o0 (@0 (@) K + (1) ) (@) (oxay ) K
((11)/@)2e((02)/(@))((0L) (o) Y’ (11 1)) e (@L) 1 (@v'ey'))¥'ax
(a1 10)26" (0 (@0 )((52)/ (5 ) ~(ar (1)) (do2) vr ) X'y
(o126 (@2) (o (51 (00 ¥ ~{a (1) (a5t ('ow
(0 (5 ) ~{(a1) o ) (a1
And then
~((1y1)ra)2e™ (a1 @) (a)(((2L)/(@'))) (101} ra)e™ (s @0))((aL) /() + (1) /(3¢ ) =,
~(ar(1y)2¢* (@1(20)(A)(((0)/(6)))~(a/ (1)) (o1 (@0))(((52)/ (5x')) )+ (2L) 1 (2v") =o0. (45)
We have the equations with integral curve definition ¢(a)=a(1)=(2/(21))(«),
(1 1)/a)(2/(an)) e ((aL) (@) + (o) (o) =0,

(ar(ly )@/ (@) (e ((62)/(8+))) (L) /(av') =0, (46)

such that the equations calculated in (46) are named conformal Weyl-Euler-Lagrange equations constructed on the almost Kéhler
model 1 of the Finsler space F» and thus the triple (11°7,®L,£) is called a Weyl-Euler-Lagrange mechanical system on the almost
Kéhler model H " of the Finsler space F~. Hence, if the above equations (46) A\=0 is selected, the equations [2] are obtained.

((rymy/a)(es(an))((er)/(a'))+((sz)/(s%)) =0,
(ar(Iy1))(@1(an))((sL)(8x'))~((aL)/ (@) =o0. (47)

Hamiltonian Dynamics

Using Lemma 2, we present conformal Hamilton equations and Hamiltonian mechanical systems for quantum and classical
mechanics constructed on the almost Kahler model #*" =((TM);G,F}) of the Finsler space F~.

Proposition 6: Let w be set a 1-form

o=((a)/(Iy12))x'6x"+ y'dy'. (48)
Then we have the Liouville form
Q=F (0) =E (((®)/ (| y 1))x'5x" + y'dyy=—(a/ (I y l))x'e=2"dy' +(a/ (I y l))y'e** Sxi, (49)
And the closed form
p=—dQ

=(1/2)(ar(lp1))x'2e ((02)/(ox'))dx’ ady' ~(a/ (L y1))e™ ((ox')/(ox))dx’ A dy’
+(as (1)) y2e ((92)/(ox))dx’ Aox' +(a/ (I 1))e* ((ay")/(axf))dxf ASX

+(a/(Iy1))x2e™ ((a,l)/(ay/))dy/ ndy' =(a/(Iyl))e™ ((ax")/(ay/))dy/ Ady'
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+(a/(lly1))y2e” ((6/1)/(0yj))dy’ ~ox'+(al(Iyl))er ((ay")/(ayf))dyf ASX]. (50)

Proposition 7. Let X, be take Hamiltonian vector field as follows:

X, =x'(ar(ax'))+¥'(/(85"))- (51)
Then we find
I ®=0(X,)
=(1/2)[ =X (a/(Iy ))2e™ (02) /(@ )} ¥ay' + X' (a/ (1l 1)) >y
+x'(ar(Ilp1)) 26 ((02)/ (@) v’ + X" (a/ (Il 1I)) ey’
+¥'(a/(lyl))2e ((02)/ (ax')) e’ =¥" (a/ (Il y 1)) e > ax’ (52)
And
dt =((oH)/ (ax'))dx’ +((SH) /(8 ))dy”. (53)

By means of i, ®=dH, the Hamiltonian vector field is found as follows:

X, =((211) @)/ ([-2e7 ((02)/(@x))) ¥ e+ y'2e ((02) /(@) e ) (@) /(o)) (01 (')

+((21y1)/ a)(l/([Ze’“ ((02)/ (o))~ - y'2e ((az)/(ayf))—eﬂ))((aH)/(ax'))(5/(5y' ))- (54)

Assume that a curve
a:lcR—>TM (55)

be an integral curve of the Hamiltonian vector field X, i.e.,

X(a())=a(), ret (56)
In the local coordinates, it is obtained that
a()-(+.r) )
and
(1) =((a')/(dn)) (0 (x')) (') (ar)) (61 (35')) (58)

Taking (56), if we equal (54) and (57), it holds

(8)(a )/ ar)=((211 1)) 1/ {[267 (@2) (@) € 4 /26 ((0,1)/(ayf))+e“]))((aH)/(ay')),
(6)(a' )/ (dr)=((211y H)/a)(l/([Ze’“ ((02)/(x"))x' ~ e ~ y'2¢ ((02) /(o' ))—e“}))((aH)/(ax' ))-

(59)

Hence, the equations introduced in (59) are named conformal Weyl-Hamilton equations on the almost Kahler model H'" of
Finsler manifold F and then the triple (A *,d,X) is said to be a Weyl-Hamiltonian Mechanical System on the almost Kéhler model
H " of Finsler manifold F». Also, if the above equations (59) A=0 is selected, the equations [2] are obtained.

(7)(ax')/(ar)=((Iy 1))/ a)((2H) /(25"))

(8)(d')/ (de)=—((I v 1) a)((2H)/ (ax')). (60)

Mechanical Equations for Conservative Dynamical Systems

Proposition 8: We choose F=i,, g=®,and f=24ai,0,=dE, (31) and by considering the equation F(e g)=F(g)-df (15). Thus, we can
write Weyl-Euler-Lagrangian dynamic equation as follows. The second part (31), according to the law of conservation of energy
[1], will not change for conservative dynamical systems.
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i (®,)=0 () d,,
(7D, )=, (£)-2dA,
®,(&)-2dA= dE

and &,®, =d(E,+22). from then, added (£—2+24) at the above equation (46). So, we can write
((1y1)/a)(@ (@) (e (((L+22))/(av'))) +((8(L+24))/(6x)) =0

(ar(ly))(@r(@))(e ((5(£+2))/(6x)))-(a(L+22))/ (') =0, (61)

The differential equations (61) can be named conformal Weyl-Euler-Lagrangian mechanical system for conservative dynamical
systems.

Proposition 9: We choose F=iX,, , 8=® and f=2\ at (15) and by considering the equation (33)

iX,®=0(X,)=dH,

X, (0)=0(X,)-2d44,
®(X,)-2d2=dH,
iX,®=dH +2dA=d(H+22).

(62)

The second part (2), according to the law of conservation of energy for conservative dynamical systems [1], will not change. So, we
can write paracomplex conformal Weyl-Hamiltonian dynamic equation as follows:

®(X,)-2dA=dH,

X, ®=d(H+22). (63)
from then, added (H>H+2A\) at the above equation (46). So, we can write, using (59) and (63), we can obtain
(€)= 1) )12 (@) (30 ) e+ 2 (2211 ) e (200 220 2,
(') /(dr)=((21ly H)/a)(l/([Ze’“ ((22)1(x"))x' - e — yiae ((az)/(ayf))—e“}))((a(H+2/1))/(ax')). (64)

Hence, the equations introduced in (64) can be named conformal Weyl-Hamiltonian Equations for conservative dynamical
systems.

Symbolic Solution of the System and Graphic

@ )

for x=0

Figure 1: The path followed by Lagrange Graph

It is well-known that an electromagnetic field is a physical field produced by electrically charged objects. How the movement of
objects in electrical, magnetically and gravitational fields force is very important. For instance, on a weather map, the surface
wind velocity is defined by assigning a vector to each point on a map. Also, each vector represents the speed and direction of
the movement of air at that point. The location of each object in space represented by three dimensions in physical space. The
equations system (47) and (60) have be solved by using the Maple software and implicit solution is below.
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LL(x,y,t)=exp(t*i)*F (y—i*x)+F,(t)+exp(—i*t)* Fy(y+x*i),

for A(x,y,t)=0, llyll/a=Li*=-1.
L(x,y’t):exp(t*i)+t+exp(—i*t)’

Figure 2: The path followed by the Hamilton Graph

ILH (x,y.t) =1/ 2%(1+exp(t)* ) #((y = F () *cos(t) + x *sin(t)) / exp(t)’

JorA(x,y,t)=0, a/ [yl=1,F, @)=t
Discussion
By this study, the above-mentioned forms (19) were transferred to the mechanical system for dynamical systems. In addition, in
the equations implicit solutions (46) and (59) were found using Maple computation program. So, the Weyl-Euler-Lagrange (46)
and Weyl-Hamilton (49) mechanical equations derived on Weyl-Finsler manifolds may be suggested to deal with problems in

electrical, magnetically and gravitational fields for the path of movement Figure 1 and Figure 2 of defined space moving objects
[32,33]. Therefore, the found equations on Weyl-Finsler geometry has been used in solving problems in different applied areas.

In this study the most important advantage is to obtain geodesic on Weyl-Finsler manifolds. Thus, geodesics is to allow the
calculation of linear or nonlinear distance for the orbits of moving objects.
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